The spectral sequence developed here is probably identical in the stable range with the iterated barconstruction sequence of D. W. Anderson. 1 We give an entirely different construction, however, which makes evaluation of E 2 easier. In fact, if jy is the category of allowable iϋ-Hopf algebras ([4] I or §2 below) then E 2 S is the sib. derived functor of the functor F p (>ζ) R Q ( -) , where Q(B) is the Rmodule of indecomposables of B e sf.
The following heuristic description of the resulting ϋ^-term in favorable cases is due to M. Mahowald. Suppose π Q (E 0 ) is free-Abelian and H*(E O [1] ) is polynomial, where E 0 [l] is the connected component of the identity. Then as algebras H*(E Q ) is isomorphic to the homology of a product of ΩS n 's for various n. Now H,, (ΩS n ) is an Abelian Hopf algebra and hence has formal iterated deloopings defined inductively by
.
Then our E ] -teτm is the tensor-product of the corresponding groups B^H^ΩS 71 ), and the differential d 1 is determined by the Dyer-Lashof action on H*(E Q ).
In § 1 of this paper we construct the spectral sequence and outline the algebraic identification of its i? 2 -term. In §2 we set up the algebraic background required to complete this identification. We also exploit the fact that Q( -) itself has only one derived functor on an Abelian Hopf algebra to provide a "linear" computation of the E 2 -term. Then in §3 we set up an analogue of the Λ-algebra to make this calculation. Finally, we show in §4 that the action of the Steenrod algebra on H*(E 0 ) puts very strong restrictions on the differential in the spectral sequence and goes farther than one might expect towards determining the Steenrod action on It is a pleasure to thank Northwestern University for providing the friendly and inspiring atmosphere in which much of this work was done. I am in particular indebted to Mark Mahowald and Stewart Priddy for a great many useful conversations. 1* Construction of the spectral sequence* Let ^~ be the category of compactly generated Hausdorff spaces with nondegenerate basepoint (i.e., such that the inclusion of the basepoint is a coίibration) and continuous pointed maps. For brevity call an object of JT~ a space. Clearly Ω and Σ are adjoint functors on J7~\ let a x \ X-> ΩΣX and β γ : ΣΩY-+Y be the usual adjunctions. Let Sf be the category of (-l)-connected infinite loop spaces. Thus an object E of <S? is a sequence E n , neZ, of spaces such that E n = ΩE n+1 and E n is (n -l)-connected for all n. A morphism E f -» E is a sequence f n : E f n -• E n of continuous maps such that f n = Ωf n+1 for all n. Call an object of Jϊf a spectrum.
Let Ω 00 : &> -> jT~ by Ω°°E = E Q . Let J 00 : J^~ -* Se by
Then i2°° and Σ°° are adjoint functors [8] ; we recall their adjunction morphisms. For X e <^~9 ct%: X-+Ω°°Σ°°X is the inclusion of the first term in the direct limit (1.1). For EeSf, βT Σ^Ω^E-* E is the sequence whose wth term is the map induced from the system
If h* is a connective homology theory on J7~ then given Ee ^ζf, we can form the unstable homology
K(E) = K(Ω-E)
and the stable homology = lim Σ~nK(E n ) .
Our problem is to relate these groups.
For any spectrum E there exists a space X and a map i: Σ°°X
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E such that Ω°°i is a split epimorphism in J7Z For example, we can take X = Ω°°E and i = β^, since <*O«>E\ commutes. Using this observation we can resolve a spectrum E with respect to "space-like" spectra by forming a diagram E = () TO in which (i) Ω°°i Λ is split epi and (ii) the F-shaped segments are ίibration sequence in £f. Now applying stable homology h* yields a spectral sequence abutting to h*(E).
In case h* is mod p singular homology iϊ* for p a prime, we can express E 2 in this spectral sequence in terms of H&E). We shall outline here how this is done, and develop the necessary algebra in the next section.
Apply Ω°° to (1.2) . The fibration
is principal, and 42°°^ has a section, so Ω^Σ^Xf^n) has the weak homotopy type of the product of fiber and base. Consequently we have a short exact sequence
of Hopf algebras over the Dyer-Lashof algebra R (see §2 below). Splicing these together gives a long exact sequence Let ft be a field. Let (Coalg) be the category of nonnegatively graded commutative augumented ft-coalgebras C such that C o is generated over ft by its set πC = {xeC o : Δx = x (x) cc, εx = 1} of set-like elements. For brevity call an object of (Coalg) a coalgebra. Given coalgebras C and C", the coalgebra C (x) C" is a product in (Coalg). Let (Hopf) be the category of Abelian group objects in (Coalg). Call an object of (Hopf) a Hopf algebra.
For a Hopf algebra H, πH has a natural Abelian group structure for which the identity element is the identity element 1 of H. Let H[l] [5] ), (c Hopf) is Abelian; so (Hopf) is Abelian. The (co) product is the tensor-product.
Let Z: (Coalg) -•> (Hopf) be the "free Abelian group" functor, left adjoint to the forgetful functor; see [4] p. 23 for details. This adjoint pair induces a projective class [6] in (Hopf), so the left derived functors L S F of an additive functor F on (Hopf) are defined.
For example, let Q: (Hopf) -> (ft -mod) be the module of indecomposables; thus QH= Torf (ft, k). There is a six-term exact sequence
Here Q,H = Q Torf(ft, ft) in terms of the natural algebra structure on Tor£(fc, ft). To see this first let A be an Abelian group. Let E denote the exterior algebra over ft and let Γ denote the divided polynomial algebra over ft. Then as algebras
where Σ means suspension and where (x) and * are the tensor and torsion products over Z. Thus Qk[A] = ft (x) A and QJc[A\ = ft*A, and (2.1.1) is the long exact sequence of the derived functors of ft(x) -. In the connected case (2.1.1) is proved in [9] . The general case follows by additivity.
Now by standard techniques we have
The Dyer-Lashof algebra.
For simplicity we fix p == 2. We recall some notation from [4] .
Let 22( -oo) be the bigraded algebra with generators Q*, ί ^ 0, IIQ'H = (1, i), and "Adem" relations
R(-oo) is thus isomorphic to the opposite of the Λ-algebra [2] . We will often neglect the first gradation to obtain a graded algebra. Let s be a nonnegative integer and let 7 be a sequence of s nonnegative integers
I is allowable} is a basis for
The excess of an allowable sequence / of length s is e(J) = ^ -(ΐ 2 + + i.)
The subspace spanned by {<3 7 : β(7) < n} is an ideal JB(n) czR (-oo) . (0) is the DyerLashof algebra.
Let J?(w) = 72(-°°)/B(n). Then 72 = 72
An 72(-oo)-moduleikί is n-allowable iff Q*x = 0 for all xeMand all ί < I ίc I + n. Thus for any nonnegatively graded ^-allowable 72(-oo)-module, the 72(-co)-action factors through an 72(w)-action. Write (α % i2-mod) for the Abelian category n-allowable 72(-c>o)-modules.
For neZ, the inclusion (a n R-mod) -^ (72(-co)-mod) has a leftadjoint a n such that
This adjoint pair induces a projective class in (α % i2-mod). Let Untor£(F 2 , -) denote the resulting derived functor of > (F 2 -mod) .
Hopf algebras over the Dyer-Lashof algebra.
The DyerLashof algebra admits a (noncommutative) Hopf algebra structure with commutative diagonal such that AQ n = Σi+j=n Q ί 0 Q* Hence one has a internal tensor-product on (α 0 72-mod) and so one can define the category (αi2-Coalg) of allowable 72-coalgebras and (αi2- 
To compute L 8 Q we first study Q: (αiZ-Hopf) -• (c^JE-mod). Let H+-P* be a projective resolution in (αiϊ-Hopf). Clearly P* is a projective resolution of H when regarded in (Hopf). Hence for He (αΛ-Hopf),
as an F 2 -module and L t Q(H) = 0 for t > 1.
It is easy to see that Q: (αίί-Hopf) -> (α^-mod) carries projectives to projectives. One thus has a Grothendieck spectral sequence [6] 
Since L t Q = 0 for £ > 1 this spectral sequence degenerates to a long exact sequence
In particular, if Q^ = 0 -for example, if πH is free of 2-torsion and
for all s. Thus in this case L 8 Q(H) is determined by the action of R on QH alone. REMARK 2.3.5. Of course, this JS^-term may also be obtained directly, without introducing Q, by observing that
is a projective resolution in (α^-mod) which yields E 1 on application of the functor F z (g) R -.
2.4.
Remark on the Adams spectral sequence. The procedure of this section is equally applicable to the study of the i? 2 -term of Bousfield and Kan's mod p unstable Adams spectral sequence [2] . They prove that
Here P: (unstable A-coalgebras) -> (F^-mod) is the functor F p Π^ P( -) where A is the mod p dual Steenrod algebra and P( -) is the module of primitives. Then P{C) is a 1-unstable A-comodule, in the sense (for p = 2) that xSq n = 0 for all xeC and all n^l/2\x\. As such, P carries injeetives to injectives, and there results a Grothendieck spectral sequence
in which Uncotor^Fj,, -) is the obvious right derived functor of
This situation is in several ways more complicated than the DyerLashof case. First, the category of unstable A-coalgebras is not additive, so one must use the theory of nonabelian derived functors to define R S P and R 
Λ(M)
is closely related to the usual unstable Λ-algebra for M. Our next step here is establish an analogous complex for a 1-allowable ϋj(-co)-module. We remark that the methods of §3 carry over to the Steenrod algebra case and give another derivation of the properties of Λ(M).
3.
A Λ-algebra for allowable iϋ-modules* We now address the problem of computing Untor β (F 2 , M). As noted by S. Priddy in [10], Example 9.4, the algebra iZ(-o°) has a "Koszul resolution." We note here that this machinery behaves well with respect to the allowability condition, and study the resulting complex.
The off-diagonal homology of the bar-construction. Let
be left adjoint to the forgetful functors. 8 is given by (the image of) the subset of Q* 1 (x) (x) Q τ * (g) x in (3.1.1) such that in addition e(I J )> \I J+1 \ + ... +II.I + |α| for 1 <; i <: s. These are the "monomial" bases.
Let S n 6 (α^-mod) have (S n ) n = F 2 (with generator a?) and (S n ) 3 = 0 for i ^ w. Then the bigrading on i2(-oo) induces a trigrading on 5 Λ (S W ) and on .B^SJ with (B R (S n )) 8 , f)U generated by those Q Jl ® (x) Q's ® x such that Σ ^(^) = * and Σ I h I + n -u. Clearly B R (SJ SttίU = 0 for s > ί. The differential cί preserves £ and u and decreases s by 1. We now have: PROPOSITION 
There is no homology in B B (S n ) or in Bu(S n ) off the main diagonal -i.e., for s Φ t.
For B R (S n ) this is [10] Theorem 5.3. The assertion follows for Bu(S n ) upon checking that the chain-homotopy constructed by Priddy sends Bu(S n ) into itself.
To compute the diagonal homology, we pass to the dual, still following [10].
The dual of the Dyer-Lashof algebra.
We recall from [7] and [4] the structure of the dual R of the Dyer-Lashof algebra. As a commutative algebra Note that e(QI itk ) = 0 unless i = k > 0, when e(QI klk ) = 1. 
U(N) = ®J(n + l)(g)N n c:R(g)N,
such that {A (x) N)ψ = (Λ (x) ψOψ* and (ε (x) ΛΓ)^ = id. Notice that since J(n + l) 0 = 0 for n ^ 0, J (x) iV is defined on i7(ΛΓ).
Let (^jB-comod) denote the resulting category. It is clearly Abelian, and there are functors ύ (F 2 -mod) < > (aβ-comoά) in which the unmarked arrow is forgetful and U is its right adjoint. This adjoint pair yields an injective class in (α^-comod) and a standard complex Ω&(N). A basis Y for N determines a basis for ) 8 , namely, and this obviously determines the differential of an element of (3.3.3) . To describe the resulting homology, let L be the associative algebra on symbols σ i+1 , i ^ 0, of bidegree (1, ΐ), subject to relations (3.3 
by sending ίίί (x) (x) ίiί 0 y to σ h+1 σ is+1 . Here "admissible" carries its usual meaning: J is admissible iff 3k ^ 2j k+1 for all k.
Proof, (a) Let 0 ^ b 5g a <^ 26. Then with the substitutions j = a -b, i = 2b -a, t = 2b -a -s, (3.3.7) yields 2 δ-α/26 -a (3.3.10) σ o+1 σ h+ι = Σ
= 0
The condition (3.3.9) guarantees the applicability of this relation to σ I+1 unless / + 1 is admissible. The reader may check that (3.3.9) is satisfied by each term of the result. , i ^ 1. The spectral sequence there fore collapses in this case. The example of the mod 2 EilenbergMacLane spectrum may be handled using (2.3.3) , and this provides an upper bound (which turns out to be sharp) on the size of the Steenrod algebra, derived entirely from the Dyer-Lashof algebra. We shall study the behavior of the Steenrod action in the spectral sequence in more detail in 54.
HAYNES MILLER
We now define a complex L(N), natural in the 1-allowable Rcomodule N, such that
= H(L(N)) .
As an F 2 -module, (3.3.13) L
To define the differential, let π γ \ R -> R[l] be the projection; then (3.3.14) (TΓ, (8) 
Filter iVby i^%iV = φ^w JV*. ^%iV is a sub 1-allowable .B-comodule, and E£N is a sum of copies of S n . Thus in the resulting spectral sequence, E\θ) is an isomorphism by the above work. Thus θ is a homology isomorphism, and we have proved A left A°-module M is unstable iff Sq*x -0 whenever 2n > \x\. Write (uA°-moά) for the resulting Abelian category. The diagonal A°-action provides it with an internal tensor-product. A coalgebra C in (uA°-mod) is unstable provided that fas = Sq n x for all xeC 2n , where f is the Verschiebung. If M is an unstable A°-module, give i?® M the unstable A°-module structure determined inductively on length in R by the Nishida relation Let E be a spectrum with H*(E) of finite type, and consider the natural fibration sequence Proof. Let If = {J8ΓJ denote the mod 2 Eilenberg-MacLane spectrum, and let
